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Abstract 

A quantum deformation of 4-dimensional superconformal algebra realized 
on quantum superspace is investigated. We study the differential calculus and 
the action of the quantum generators corresponding to sZ 9 (l|4) which 

act on the quantum superspace. We derive deformed su(l|2,2) algebras 
from the deformed sZ(l|4) algebra. Through a contraction procedure we obtain 
a deformed super-Poincare algebra. 
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Recently there has been a great deal of interest in quantum groups and quantum 
algebras ^ [|, || in various fields of theoretical physics and mathematics, such as 
conformal field theory, integral models, statistical mechanics, knot theory and so on 

I, a a s- 

Quantum groups can be realized on a quantum space or a quantum (hyper-)plane 
in which coordinates are non-commuting J7|, [|. The differential calculus on the non- 
commutative space jLO) has been developed by Wess and Zumino and by other 
people 0, U, m, especially for GL q (n) flTJ, 0, |g, as well as for SO q (n) U . 

So far most of the quantum deformations have been applied to the Lie groups or 
algebras corresponding to the internal symmetries. Now it would be interesting to 
explore quantum deformation of space-time symmetries, which might be relevant at 
very short distances e.g. at the Planck length implied by unification theories including 
gravity. In the last few years, there have been pioneering works in extending quantum- 
group ideas to space-time symmetries including Lorentz, Poincare and conformal 
algebras [16-23]. 



In our previous paper |[24|| , we studied a quantum deformation of 4-dimensional 
conformal algebras based on the quantum space realizing sl q (4). Through a con- 
traction procedure we also derived a quantum deformation of Poincare algebra. In 
the present paper, we shall investigate a q-deformed superconformal algebra in 4- 
dimensions in the framework of the quantum superspace which 

realizes q-deformed superalgebra, s/ g (l|4). By taking a contraction limit we obtain 
a deformed super-Poincare algebra. 



Following JTI, we now consider actions of deformed s/(l|4) generators on a 
quantum superspace, whose coordinates Z 1 and derivatives di consist of bosonic el- 
ements x°,do and fermionic ones 6 a ,d a (a — 1 ~ 4). In Ref . ||24|| , the deformed 
sZ(4) algebra has been represented on a 4-dimensional quantum bosonic space. In 
this paper the same deformed algebra shall be obtained on the fermionic space to 
supersymmetrize the algebra. 

Differential calculus on general quantum superspaces with multi-parameters has 
been studied in [25|. Here we set up the following commutation relations of the 
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coordinates and the derivaties with one-parameter^] 

z i z j = t^l Z J Z I , djdj = (-lyJqdjdj, (I < J), 

diZ J = t*¥L Z J d h (/ ^ J); (i) 
dlZ i = i _ { _ q yf-2 Z i di + {q 2 _ 1) Y j Z J 9jj 

KJ 

where / denotes the grassmann parity, i.e., 1 = for 1 = and I = 1 for I ^ 0. 
These commutation relations are written in terms of the following ^-matrix, 

R IJ kl = ^ J K {6 IJ ((-qf - + (-l) iJ q)} + *£#e J '(l - q\ (2) 

where Q IJ = 1 for / > J otherwise it vanishes. For example, we can use the ^-matrix 
to write the commutation relations between Z 1 and dx as 

d K Z J = 6' K + q- 2 R IJ KL Z L dj. (3) 

Ordering of the bosonic and fermionic coordinates is non-trivial due to G. We study 
here ordering where 8 a follows x°, i.e., Q 0a = and aO = 1. We could discuss the 
other ordering. 

Now we consider actions of the deformed s/(l|4) generators on the above quantum 
space. First of all, we discuss actions of T 7 j (J = I + 1,1 — 1) which correspond to 
Z I dj in the "classical" limit (g — > 1). Following ||11|| , we choose the following basis of 
the algebra, 

[T'j, Z K ] a(I ^ K) = 6fZ T , [T x j, d K ) b{l! j jK) = c(I, J^dj, (4) 

where [A, B] a = AB — aBA and it is called a q-commutator hereafter. Similarly, a 
q-anticommutator is defined as {A, B} a = AB + aBA. We investigate consistency 
between (1) and (4), so as to obtain the following solution, 

a(I, J, K) = b(I, J, K)- 1 = -c(J, / + l)" 1 = q 2i ~\ (K = min(I, J)) 

a(I, J, K)- 1 = b(I, J, K) = c(I + 1, /) = (-l) i+1 q, (K = max(I, J)) 



* Matrices which transform covariantly these commutation relations have a superdeterminant as 
a center (see in detail pa] ) . 
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a(I,J,K)=b(I,J,K) = (-lfV+ J \ (K^I,J), (5) 

where J = I ± 1 and min(I, J) (max (I, J)) denotes the smaller (larger) number in 
the parenthesis. 

Next we define Cartan elements Hj (I — ~ 3) using q-commutators of T T I+1 
and T 7 / 1 . We choose H I as follows, 

H = {7*, TU H a = g-Mn+\T« +1 ] g2 , (6) 

for the purpose that terms depending on disappear in the actions of Hj. Note that 
in the classical limit Hj = T 1 ^ + (-1)^ = Z I+1 d I+1 + (-l) f Z J 0j. It is remarkable 
that the definition of H is not deformed. The Cartan elements act on the quantum 
space as follows, 

[H , Z\ jq , = Z 1 , [H , dj} q 2 = -q 2 d!, (I = 0, 1), 

[H a .9% 2 = -q9, [H a , 9 a+1 ] 1/q 2 = (7) 

[H a ,d a ]i/ q 2 = q~ l d ai [H a ,d a+ i] q 2 = -qd a+1 , 

and Hj commute with the other coordinates and the other derivatives. 

The other elements of the deformed s/(l|4) can be defined in terms of 

q- commutators of T J I+1 and T' 7 / 1 so that their commutation relations close. The 
requirement of the algebraic closure is satisfied if we choose the other elements as 
follows, 

T l K = [T T j, T J K ] q , (I < J < K or / > J > K). (8) 
The general non-Cartan generators act on the quantum space as follows, 

T I K Z K = -(-1) V 1 ^^ + Z'+ (-lY(q - q- 1 ) £ Z J T^ 

T K jZ f = q^Z'Tl + Z K , T K jZ J = -(-l) i (Z J T K I + (q - q'^Z^j) 

lT° a ,x°}i/ q = {T a o,9«} 1/q = [T^,9% = [Ti,9% q = 0, (9) 

T^dj = q 1 ~ 2l (d I T I K - d K ), T T K dj = -(-lYdjT^ + (q - g' 1 )^, 

T«d K = -(-lYidxT* + 4**-*)-% -(q- g^lE^Wl, 

{T° a , d a } q = [T% d ] q = [T% dp] q = [7* , d a ] 1/q = 0, 

where I < J < K and a < (3, and the non-Cartan generators and the other elements of 
the quantum space satisfy the "classical" algebra, i.e., they commute or anti-commute 
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each other, depending upon their grassmann parity. Using (7) and (9), we can derive 
commutation relations between the deformed sZ(l|4) generators. Some commutation 
relations among the whole deformed s/(l|4) algebra are shown in the following; 

[T T I+1 , = n\ = [T'j, T\\ = 0, (I, J<K,L), 

[Ho, T a ]y q 2 = T\, [H , T°[] q 2 = -q T", 

[H a ,T° a ] 1/q2 = q-'T^, [H a ,T%) q2 = -qT%, (10) 

[H a ,T a a+1 ] q 4 = -q\q + q' 1 )^, [H a ,T a a +1 } 1/q * = q 2 (q + q" 1 )^ 1 , 

[H a ,T^ +1 ] 1/q2 = q- x T^ +1 , [H a ,T^\, = -qT^ 1 , (a = fi±l), 

[Ho, Tq 1 ] = [H , T\] = [Hj, T J K ] =0, ( J, K / I, I + 1), 

and the other commutation relations of the deformed s/(l|4) algebra can be derived 
from the above commutation relations. It is clear that the Cartan elements commute 
with each other and T° a and T a are nilpotent. In this algebra, the generators H a and 
T a p construct sl q {4) algebra as a closed subalgebra of the deformed s/(l|4). It implies 
that from the algebra we can derive a deformed superconformal algebra which includes 
the deformed conformal algebra as a closed subalgebra. The whole commutation 
relations of the deformed s/(4) algebra have been shown explicitly in and the 
whole commutation relations of the deformed sZ(l|4) algebra will be explictly shown 
elsewhere. 

From the present result, we can easily derive the deformed superconformal algebra 
in 2-dimensions, sl q {l\2), by restricting ourselves to the generators H , Hi, T 1 j (J, J = 
0,1,2). 

We need another space conjugate to Z 1 in order to define the deformed supercon- 
formal algebra sw(l|2,2) from the deformed sZ(l|4) algebra. Here we introduce the 
conjugate space Zj = (xq, 9 a ). Using the i?-matrix, we set up commutation relations 
of Zi as follows; 

ZlZk = R U klZ jZ i, Z k Z : = R IJ KL Z L Z j. (11) 

These commutation relations have a center C = x°x~o + J2 a a 9 a . Further, we assume 
that the deformed s/(l|4) generators have the same actions on Zj as those on d\. For 
example, the genarator T ! K (I < K) acts on Zj as follows, 

T^Zj = q x - 2l {Z{T l K - Z K ). (12) 
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Now we consider conjugation between Z 1 and Zj. We assume that Z l and Zi are 
related as 

x = K (x°y, e a = K aV a (e a y, (13) 

where * denotes complex conjugate and K a are coefficients which become identity in 
the classical limit and rj a is a su(2, 2) metric, i.e., rf 1 = (1, 1, —1, —1). The conjugation 
(13) should be consistent with the commutation relations, (1) and (11). We can find 
two types of the consistent conjugations depending upon a value of the deformation 
parameter q. At first we discuss the case where q is real. In this case, the conjugation 
is allowed if Kj = 1 and the conjugation includes reversing of order, i.e., ab = ba. 
Then we take the conjugation of (12) and compare it with (9), so that we obtain 
conjugation relations of the generators as follows, 

T r J = V I V J T J I . (14) 

Similarly, we have 

H~ I = H I . (15) 

Next we discuss the case with \q\ = 1, where the conjugation does not include 
reversing of order, i.e., ab = ab. This conjugation is consistent with (1) and (11) if 
K a = q a and Kq = iq. Further we follow the procedure similar to (14) to obtain the 
following conjugation relations; 

T r J = -q I - J+1 V I V J T J I , W J = -^- 3 H I , (/ < J) (16) 

where rf — i/q. 

We now obtain the quantum deformation of 4-dimensinal superconformal algebra 
by assigning the su q (l\2, 2) elements to the physical superconformal generators. Here 
we shall consider the case where the deformation parameter q is real. The similar 
analysis can be performed for the case of \q\ = 1. 

We first consider the generators of the conformal sector. The SO(4, 2) generators 
M mn (m,n = 0, 1, 2, 3, 4, 5) with the metric g mn = diag (1, —1, —1, —1, —1, 1) satisfy 

[M mn , M kt ] = -ig mk M nl + ig nk M ml + ig m{ M nk - ig nl M mk . (17) 

This can be realized by the sw(l|2,2) elements as M mn = T a l3 (<j mn ) a 13 (See e.g. 
ref.[^B[) where we take (/x, v — 0, 1, 2, 3; a, (3 — 1, • • • , 4) 

(18) 

OV = f757M, CT45 = |75- 
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The conjugation of T a p (14) and (15) for q real, leads to the reality of M mn : 

= M mn (19) 
with the suitable representation for gamma-matrices 7 M (// = 0, 1, 2, 3) which satisfy 

V a V^(cr*mn)J = (emu)?". (20) 

Now we regard the 4-th and 5-th dimensions as the compact space. We construct 
the generators of classical AD conformal group out of these rotational generators of 
50(4, 2). First, the Lorentz rotation operators (/i, z/ = 0,1,2,3) is given as 
= M m= ^ n=v with 

M 12 = =±{H X + H 3 ), M 23 = =±(T\ + T\ + T 3 4 + T 4 3 ), 

Msi = | (T\ - T\ + T\ - T 4 3 ), M i = ^(T 4 4 - T 4 X + T 2 3 - T 3 2 ) (21) 

M 02 = | {T\ + T 4 ! - T 2 3 - T 3 2 ), M 03 = -y-(— T x 3 + T\ + T 2 4 - T 4 2 ) 

while the translation operators P M , conformal boost operators X M and dilatation op- 
erator D are given as P M = M 4m + M 5m , if M = M 5m — M 4m , P = M 45 with 

M 40 = f (T 4 3 + T\ + T 2 4 + T 4 2 ), M 41 = ^(T 1 , + T\ - T\ - T 4 3 ) 
M 42 = I (T 1 , - T\ - T\ + T 4 3 ), M 43 = ^(P^ - P 3 ) 

M 50 = =±(H 1 + 2H 2 + H 3 ), M 51 = | (T 2 3 + T 3 2 + T 1 , + T 4 X ) (22) 
M 52 = ^(T 2 3 - T 3 2 - T\ + T 4 0, M 53 = K-T 1 , - T 3 i + T 2 4 + T 4 2 ) 
M 45 = ^(T 1 3 -T 3 1 +T 2 4 -T 4 2 ), 

We assign the generators T ^ and T^o to the supercharges Q a , Q h , S a , S° as follows: 
Q 1 = V2(T\ - tT° 3 ), Q 1 = V2(T\ - iT%) 
Q 2 = V2(-T° 2 + iT\), Q 2 = V2(-T 2 + iT\) 

(23) 

5 1 = V2(T°i + iT° 3 ), S 1 = V2(T\ + iT\) 

5 2 = V2(-T° 2 - tT\), S 2 = V2(-T 2 - iT\) 

Note that here we have the conjuagation (14). In 4-dimensional N=l superconformal 
algebra, in addition to M^ u , P M , and D we have another bosonic generator, the 
U(l) 
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charge, which is defined as 

A = -i(4#o + 3#i + 2# 2 + # 3 ) (24) 

Now we take the same assignment of the generators for the q-deformed case. The 
q-deformed superconformal algebra can be read off from the commutation relations 
among the s/ g (l|4) generators. 

The classical anticommutation relation of Q a and given by 

{Q a ,Q $ } = 2(o*) a$ Pp (25) 
where (<r M ) = (1, a 1 ) and (<x M ) = (1, —a 1 ), is deformed as, for example for a — (5 — 1, 
{QuQj = 2P + + 2[(1 - g 4 )tf + (1 - <?)H X + (1 - q)H 2 + i{\ - q)T\ 

+ i(l - g 3 )T 3 ! + iAT^o - i(l - q)T 1 T° 3 + iq 2 \T 3 1 H + q 3 XT° l T 1 

+ q\T\T\ + gA# #i + A# 2 # + g 3 AT 2 3 T 3 2 + q 3 \T 1 3 T 3 1 + gA^tf, (26) 

+ q A \ 2 T 1 2 T 2 1 - g 3 A 2 T 2 3 T 3 2 /J 1 - q 2 X 2 T 1 3 T 3 1 H - q 2 \ 2 T 2 3 T 3 2 H 

- X^H^Hq + q 2 X 3 T 2 3 T 3 2 H 1 H - q 3 \ 3 T l 2 T 2 1 H ] 

where P± = P ± ^3 and A = g - g" 1 . The classical relation S^} = Hp^K^ 
is similarly deformed. While another classical anticommutation relation 

{Q a , ^} = (^)/M M „ + 2i5jD - 45 J A (27) 

receives q- deformation, e.g. for a — (5 — 1, as given by 

{Qi^ 1 } = (O^M^ + 2iD -AA + 2[(g 4 - 1)H + (q 3 - 1)^ + (g - 1)# 2 

+ i(l - q)T\ - i(l - q 3 )T 3 1 + i\T l 3 H - i(l - q)T\T* 3 - tq 2 \T 3 1 H 

- q 3 \T\T\ - gAT° 2 T 2 - gA# #i - XH 2 H - g 3 AT 2 3 T 3 2 - g 3 AT 1 3 T 3 1 

- gA#i# 2 - q^\ 2 T\T 2 x + q 3 \ 2 T 2 3 T 3 2 H 1 + q 2 X 2 T 1 3 T 3 1 H + q 2 \ 2 T 2 3 T 3 2 H 
+ \ 2 HiH 2 H - q 2 X 3 T 2 3 T 3 2 H 1 H + q 3 X 3 T 1 2 T 2 1 H ] 

(28) 

where = f ((7^ - cr 1 ^) and ^ = f (ct'V - aV). 
The anti-commutator {Q a , Qp} is also deformed. We find 

{Qi,Q 2 } 9 = 2(l-g 2 )T 3 T° 2 , Q 2 1 = 2i(q-1)T\T\, Q\ = 2i{q - 1)T° 4 T° 2 , (29) 
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where we note that Q a is no more nilpotent. We further observe that Q z a = 0, which 
has a common feature with parafermion statistics. It would be very interesting to 
investigate the representation theory of this q-deformed algebra. 

Since super-Poincare algebra is not a simple Lie superalgebra, we cannot apply the 
standard prescription of quantum deformation. As in the case of Poincare algebra, 
we need some contraction procedure. Here we shall adopt the contraction method 
using rescaling of the translation as well as supersymmetry generators and subsequent 



limiting procedure f27j. 



We first make the following rescaling of the generators 

M^ = M^, P m = 4 P m> K = K i» D = D, A = A, 
ri 

1 * 1 - "a a -a 

Qa — 77jj>^ a ' ^« = 77/1^"' S = S , S = S . 



(30) 



Let us substitute the above rescaled generators into the q-deformed superconformal 
algebra and then take the contraction limit: 

R^oo, (31) 

with k — (q — q~ l )R 2 kept fixed. The k is a new deformation parameter similar to 



those introduced in refs. [M 22, 23, 27, 24 



We then get a quantum deformation of super-Poincare algbera. In the following 
we omit the hat again. In the sector of the bosonic generators, only the commutation 
relations among the Lorentz generators, [M^, M\ a ], receive the deformation which 
was discussed in the previous paper p4j. The other commutation relations, e.g., 
[MpvjPo], [Pfj,,P u ] and {Q a ,Qp} etc. remain classical. 

In this paper we have investigated the q-deformed 4D superconformal and super- 
Poincare algebras in the framework of the quantum space for s/ g (l|4). We studied the 
differential calculus on the non- commutative quantum space for s/ g (l|4) as well as the 
action of the generators on this quantum space. Through the charge conjugations, 
we obtain two types of the deformed sit(l|2, 2) algebras from the deformed s/(l|4). 

We presented the q-deformed superconformal algebra with a suitable assignment 
of the 4D superconformal generators. The algebra includes the deformed conformal 
algebra as a closed subalgebra. A quantum super-Poincare algebra with a deformation 
parameter k was obtained by rescaling of the translation and supercharge operators 
and subsequent contraction procedure. 



8 



In the present paper we only discussed the 4-dimensional case corresponding to 
sl q (l\A). As we mentioned before, it is quite easy to derive the 2- dimensional case, 
s/ 5 (l|2), which is a deformation of the subalgebra of super Virasoro algebra. As a 
future problem, it would be very much interesting to extend the present analysis to 
the extended superconformal algebras. 
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